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We are solving for changes in 
parameters. Remember that 
Fi

 

c

 

is the ith

 

calculated 
structure factor for a given 
set of trial atom parameters 
(eg

 

200) and Fi

 

o

 

is the 
magnitude of the structure 
factor as actually observed. 
In a typical modern structure 
analysis there may be many 
thousand observed structure 
factors (eg

 

2000). The 
elements of the matrix D

 

are 
simply the derivatives of 
each structure factor with 
respect to each parameter. 
That is:
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 p  = (DTD)-1 DT  (Fc - Fo) 

 200x1  200x200 200x2000 2000x1 

Even for a medium structure most time 
is spent doing the multiplication of 
matrix D

 

times its transpose. There are 
200 by 200 elements of this (only half 
independent) and each is a sum of 2000 
products.

http://www.informatik.uni-trier.de/%7Eley/db/journals/cacm/cacm5.html#BusingL62


Choleski

 

inversion routine (used by Levy):

Every symmetric matrix  that is positive definite can be 
written as a product of a lower triangular matrix times its 
transpose (DTD is symmetric, why?).

DTD = L LT

So we find and store

 

L
There is a straight forward process to invert a lower 
triangular matrix.
So we find and store L-1

Premultiply

 

L-1 by its transpose to get the inverse of S

(DTD)-1

 

= (L-1)T

 

L-1



In the least squares handout we showed that the 
variance-covariance matrix is given by
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mn
RS 1T )XX(  That is, it is just related to the inverse 

matrix of the product of derivatives 
multiplied by a scale factor (the 
agreement factor divided by the 
number of observations minus the 
number of variance parameters).

 

The 
elements of this matrix are used to 
calculate the errors in values derived 
from the refined parameters (such as 
bond lengths and angles).

}{ ijsS

 ijjiij cs  covariance (or variance) 
of parameters i and j



You can write this as a matrix/vector 
equation:
σ2(f)

 

= dTSd, where dj

 

= δf/ δxj

 

and  S

 

is 
the diagonal matrix of variances. In 
general sij

 

is the i,jth

 

element of the 
variance/covariance matrix and this 
equation then includes correlation 
between the positional or other refined 
parameters.



Some rules of thumb:

If difference is less than σ, not significant
If difference is between one and two σ, maybe significant
If difference is greater than three σ,  significant.



Bond distance.
What does it mean?
How reliable?
Estimated error?

Your structure has a resolution of 
1 Ǻ

 

from data at 125 K and the error 
a C-N bond distance found to be 
1.166 Ǻ has a listed error of 0.002 Ǻ.
You explain to Dr. Hollander that this is 
evidence for π

 

back bonding in your 
cyanide structure and he snorts at you.
Why?

The refined P-F bond distance in your 
PF6 salt are all shorter than expected. 
Due to lattice packing?



What is the Mn-F1 distance and error?
What is the Mn-F2 distance and error?
What is the trans F2 –F2

 

distance and error?
What is the trans F1

 

–F1

 

distance and error?



Bond angle.
Least squares plane (weighted).
Dihedral angle
Torsion angle
Ring midpoint



Anomalous scattering and chirality

How do we know the chirality of a chiral crystal structure?



Anomalous scattering is X-ray wavelength dependent
Discontinuity at absorption maximum
Note that the imaginary term is not dependent on sinθ/λ
so relative importance increases with sinθ/λ



Note:
If Fw

 

is the scattering from all the atoms with no anomalous scattering 
consider what happens when there is one additional atom that has

 
anomalous scattering. The scattering from the two inversion related 
atoms reflects the f′

 

across the real axis, so the vertical components 
cancel. But the Δf′′

 

term, at a left 90 degree angle from the f′

 

scattering, 
does not have the vertical components cancel.

F now has an imaginary component (i.e. the phase angle is not 
just 0 or π)

But the Friedel

 

pairs still have exactly the same magnitude



The Flack (or perhaps better, Rogers’) parameter, η:

Using the known anomalous scattering factors for the atoms in 
the structure, add another variable to enable the change of sign

 of all the Δf′′

 

values. Changing η

 

from +1 to -1  is equivalent to 
changing the chirality of the structure.

G. Bernardinelli and H. D. Flack, Acta Cryst. (1985). A41, 500-511
H. D. Flack, Acta Cryst. (1983). A39, 876-881
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